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1. Introduction
The approximation of unbounded functions using positive linear operators is a developing field in approximation theory.
The main results obtained so far and some open problems are given in the survey paper [1].
The present article contains some uniform approximation results for the Meyer-König and Zeller operators [2] in the
modification of Cheney and Sharma [3], which are given by
Mn(f ; x) =
∞
k=0

n+ k
k

xk(1− x)n+1f

k
n+ k

, 0 ≤ x < 1, n ≥ 1.
Becker and Nessel [4] described the global behaviour of these operators. Totik [5,6] characterized the functions from
the space of continuous and bounded functions on [0, 1)which can be uniformly approximated by Meyer-König and Zeller
operators, and de la Cal and Cárcamo [7] expressed the rate of this uniform approximation using the usual modulus of
continuity.
In [8], the authors obtained characterizations of functions fromweighted spaces with Jacobi weightsω(x) = xβ(1− x)γ ,
(0 < β, γ < 1). In [9], the authors modified the Meyer-König and Zeller operators and gave results for functions with a
singularity at zero or at some inner point from (0, 1). In this paper we give a characterization of functions with a singularity
at x = 1 which can be uniformly approximated.
For α > 0, let Bα be the space of all functions f : [0, 1) → R with the property that there exists M > 0 such that
|f (x)| ≤ M(1− x)−α for every x ∈ [0, 1)—a space which can be endowed with the norm
∥f ∥α = sup
x∈[0,1)
(1− x)α|f (x)|.
We consider also the subspace
Cα = { f ∈ Bα | f is continuous on [0, 1) } .
In the paper [2], the authors proved the convergence of the series Mn(f ; x) for the original operators for every function
f ∈ Cα . We will prove in Lemma 3 thatMn(f ) ∈ Cα for every f ∈ Cα .
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The main result of this paper, Theorem 7, characterizes the functions which can be uniformly approximated in the
weighted space Cα and gives the estimation of the rate of approximation in terms of the usual modulus of continuity. Similar
results for other operators were obtained in [10,11].
2. The main results
Lemma 1. For every x ∈ [0, 1) and every m ∈ Z, m ≥ 0, we have
Mn

1
(1− t)m ; x

≤ (m+ 1)!
(1− x)m . (1)
Proof. Form = 0 we have equality. Because
(n+ 1)(n+ 2) · · · (n+m) ≤ (m+ 1)! · nm, for every n ≥ 1 andm ≥ 1
we have
n+ k
n
m
≤ (n+ k+ 1) · · · (n+ k+m)
(n+ 1) · · · (n+m) · (m+ 1)!.
We obtain
Mn

1
(1− t)m ; x

= (1− x)n+1
∞
k=0

n+ k
k

xk

n+ k
n
m
≤ (m+ 1)!
(1− x)m · (1− x)
m+n+1
∞
k=0

m+ n+ k
k

xk
= (m+ 1)!
(1− x)m . 
Lemma 2. For every x ∈ [0, 1) and every β ∈ [0, 1) we have
Mn

1
(1− t)β ; x

≤ 2
β
(1− x)β . (2)
Proof. We apply the Jensen inequality for the concave function t −→ tβ and deduce the inequality
Mn

1
(1− t)β ; x

= (1− x)n+1
∞
k=0

n+ k
k

xk ·

n+ k
n
β
≤

(1− x)n+1
∞
k=0

n+ k
k

xk · n+ k
n
β
=

Mn

1
1− t ; x
β
≤ 2
β
(1− x)β . 
Lemma 3. For every x ∈ [0, 1) and every α > 0 we have
Mn

1
(1− t)α ; x

≤
√
2([2α] + 1)!
(1− x)α .
Proof. We choosem = [2α] ∈ Z,m ≥ 0 and β = 2α−m ∈ [0, 1). Applying the Cauchy–Schwarz inequality and using the
relations (1) and (2) from the previous lemmas we obtain
Mn

1
(1− t)α ; x

= Mn

1
(1− t)m2 ·
1
(1− t) β2
; x

≤

Mn

1
(1− t)m ; x

·Mn

1
(1− t)β ; x

≤

(m+ 1)!
(1− x)m ·
2β
(1− x)β =

2β(m+ 1)!
(1− x)α . 
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Lemma 4. For every x ∈ [0, 1) we have
Mn (| ln(1− t)− ln(1− x)|; x) ≤
√
x√
n
, n ≥ 1.
Proof. Using the geometric–logarithmic–arithmetic mean inequality
√
uv <
u− v
ln u− ln v <
u+ v
2
, 0 < v < u,
we obtain
| ln(1− t)− ln(1− x)| ≤ |x− t|√
(1− x)(1− t) =


1− x
1− t −

1− t
1− x
 .
Using this inequality and the Cauchy–Schwarz inequality for positive linear operators we get
Mn (| ln(1− t)− ln(1− x)|; x) ≤

Mn
[ln(1− t)− ln(1− x)]2; x
≤

Mn

1− x
1− t ; x

− 2+Mn

1− t
1− x ; x

=

(1− x) · n+ x
n(1− x) − 2+
1
1− x · (1− x)
=

x
n
. 
Lemma 5. For α > 0 and for every x ∈ [0, 1) we have
Mn
 1(1− t)α − 1(1− x)α
 ; x ≤ αC√x2(1− x)α√n , n ≥ 1,
where C = 4√2([4α] + 1)! + 1.
Proof. Applying the geometric–logarithmic–arithmetic mean inequality we have 1(1− t)α − 1(1− x)α
 ≤ α2 |ln(1− t)− ln(1− x)|

1
(1− t)α +
1
(1− x)α

.
Using the Cauchy–Schwarz inequality, using Lemmas 4 and 3 we obtain the result stated in the lemma. 
Lemma 6. For every f ∈ Cα we have
√
x(1− x)α+1 (Mnf )′ (x) ≤ C ′ ∥f ∥α√n+ 1, n ≥ 3,
where C ′ is a constant depending only on α.
Proof. We have (see for example [4])Mn(1; x) = 1, Mn(t; x) = x and
x(1− x)2
n+ 1 ≤ Mn(t
2; x)− x2 ≤ 2x(1− x)
2
n+ 1 , pentru n ≥ 3.
Evaluating the derivative ofMnf we obtain(Mnf )′(x) =
 n+ 1x(1− x)2
∞
k=0

n+ k+ 1
k

xk(1− x)n+2

k
n+ 1+ k − x

f

k
n+ k

≤ n+ 1
x(1− x)2 ·

n+ 1
n
α
· ∥f ∥α ·Mn+1
 |t − x|
(1− t)α ; x

≤ C ′ ∥f ∥α
√
n+ 1
(1− x)α+1√x ,
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because
Mn+1
 |t − x|
(1− t)α ; x

≤

Mn

1
(1− t)2α ; x

·Mn((t − x)2; x)
≤ (1− x)
√
2x 4
√
2([4α] + 1)!
(1− x)α√n+ 1 . 
Theorem 7. The Meyer-König and Zeller operators Mn: Cα → Cα have the property that
∥Mnf − f ∥α → 0, when n →∞
if and only if
f (1− e−x)e−αx is uniformly continuous on [0,∞).
Moreover, for every f ∈ Cα and for every n ≥ 1, one has
∥Mnf − f ∥α ≤ ∥f ∥α αC√n + 2 · ω

f (1− e−t)e−αt , 1√
n

,
where C ∈ R is a constant depending only on α.
Proof. Let f ∗(x) = f (1 − e−x)e−αx and ϕ(x) = − ln(1 − x). We have the relation (f ∗ ◦ ϕ)(x) = (1 − x)α f (x). Using the
properties of the usual modulus of continuity, we obtain
|(1− t)α f (t)− (1− x)α f (x)| = f ∗(ϕ(t))− f ∗(ϕ(x))
≤

1+ |ϕ(t)− ϕ(x)|
δ

· ω(f ∗, δ).
|f (t)− f (x)| ≤ (1− t)α |f (t)| ·
 1(1− t)α − 1(1− x)α
+ 1(1− x)α · |(1− t)α f (t)− (1− x)α f (x)|
≤ ∥f ∥α ·
 1(1− t)α − 1(1− x)α
+ 1(1− x)α ·

1+ |ϕ(t)− ϕ(x)|
δ

· ω(f ∗, δ).
Applying the operatorsMn to the variable t and using Lemmas 5 and 4 we obtain
(1− x)α |Mn(f ; x)− f (x)| ≤ ∥f ∥α · αC
√
x
2
√
n
+

1+
√
x
δn
√
n

· ω(f ∗, δn).
Set δn = 1/√n. Passing to supremum we obtain the relation
∥Mnf − f ∥α ≤ ∥f ∥α αC√n + 2 · ω

f ∗,
1√
n

, n ≥ 1
where C = 1/2 · 4√2([4α] + 1)! + 1/2.
If f ∗ is uniformly continuous on [0,∞) thenω(f ∗, 1/√n) tends to 0 when n goes to infinity. This means that ∥Mnf − f ∥α
tends to 0 when n goes to infinity.
Conversely, suppose ∥Mnf − f ∥α tends to 0 when n goes to infinity and let us prove that f ∗ is uniformly continuous on[0,∞).
Let θ be the function defined on [0, 1) by θ(x) = ln(1+√x)− ln 1−√x. The function θ ◦ϕ−1 is uniformly continuous
on [0,∞), because
θ ◦ ϕ−1 (x)− x = ln 1+√1− e−x
1−√1− e−x ex = 2 ln

1+√1− e−x

has a finite limit at infinity.
Let T be the operator defined by T (f )(x) = (1− x)α f (x). We have
f ∗ = Tf ◦ ϕ−1 = Tf ◦ θ−1 ◦ θ ◦ ϕ−1 .
In order to prove that f ∗ is uniformly continuous on [0,∞), we prove that Tf ◦ θ−1 is uniformly continuous on [0,∞).
Using the properties of the usual modulus of continuity, we have
ω(Tf ◦ θ−1, δn) ≤ ω

T (f −Mnf ) ◦ θ−1, δn
+ ω T (Mnf ) ◦ θ−1, δn .
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Let us now evaluate both terms of the right hand side of the above inequality.
ω

T (f −Mnf ) ◦ θ−1, δn
 = sup
|x−y|≤δn
x,y∈[0,∞)
T (f −Mnf )(θ−1(x))− T (f −Mnf )(θ−1(y))
= sup
|θ(u)−θ(v)|≤δn
u,v∈[0,1)
|T (f −Mnf )(u)− T (f −Mnf )(v)|
≤ 2 sup
u∈[0,1)
|T (f −Mnf )(u)| = sup
u∈[0,1)
(1− u)α |(f −Mnf )(u)|
= 2 · ∥f −Mnf ∥α .
Using the Cauchy mean value theorem, there is a c between u and v from [0, 1) such that
θ ′(c) · [T (Mnf )(u)− T (Mnf )(v)] = (T (Mnf ))′ (c) · [θ(u)− θ(v)] .
So,
ω

T (Mnf ) ◦ θ−1, δn
 = sup
|θ(u)−θ(v)|≤δn
u,v∈[0,1)
|T (Mnf )(u)− T (Mnf )(v)|
≤ δn · sup
t∈[0,1)
 [(1− t)α ·Mnf (t)]′θ ′(t)

≤ δn ·

sup
t∈[0,1)
α
√
t(1− t)α |Mnf (t)| + sup
t∈[0,1)
√
t(1− t)α+1 (Mnf )′ (t)
≤ δn

α

2([2α] + 1)! ∥f ∥α + C ′ ∥f ∥α
√
n+ 1

.
Using Lemma 6 and choosing an appropriate δn we deduce from the above inequalities that ω(Tf ◦ θ−1, δn) tends to 0 when
n tends to infinity. So, we have proved that Tf ◦ θ−1 is uniformly continuous on [0,∞). 
Corollary 8. TheMeyer-König and Zeller operators have the property that ∥Mnf − f ∥ → 0 if f (1−e−x) is uniformly continuous
on [0,∞). If f is bounded and continuous on [0, 1) and Mnf converges uniformly on [0, 1) to f , then f (1 − e−x) is uniformly
continuous on [0,∞). Moreover,
∥Mnf − f ∥ ≤ 2 · ω

f (1− e−t), 1√
n

, for n ≥ 1.
Remark 9. The result of Corollary 8, which is the limit case α = 0 of Theorem 7, was obtained in [5–7,12].
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